Abstract. Let G be a co-compact torsion free Fuchsian group. For each integer k ≥ 2, let G k be the normal subgroup of G generated by the k-powers of its elements together its commutators. There is a natural holomorphic embedding
Introduction
Let G be a Fuchsian group of the first kind, that is, a discrete subgroup of the group PSL 2 (R) of conformal automorphisms of the upper half plane H 2 , whose limit set is all the extended real line (it can be either finitely of infinitely generated). We will also assume that G is not a triangular group, that is, S G = H 2 /G is not an orbifold of genus zero with exactly three cone points (including punctures).
By a Fuchsian geometric representation of G we mean an injective homomorphism θ : G ֒→ PSL 2 (R) : a → θ(a) = f • a • f −1 , where f : H 2 → H 2 is a quasiconformal homeomorphism whose Beltrami coefficient µ ∈ L ∞ 1 (H 2 ) is compatible with G, that is, µ(a(z))a ′ (z) = µ(z)a ′ (z), for every a ∈ G and a.e. z ∈ H 2 (see [14] for details). Two Fuchsian geometric representations θ 1 and θ 2 of G are Teichmüller equivalent if there is some A ∈ PSL 2 (R) such that θ 2 (a) = A • θ 1 (a) • A −1 , for every a ∈ G. The set T (G), of those Teichmüller equivalence classes, is called the Teichmüller space of G. Let L ⊂ C be the lowest half-plane and H 2,0 (G) be the complex Banach space of all holomorphic maps ψ : L → C such that ψ(a(z))a ′ (z) 2 = ψ(z), for a ∈ G and z ∈ L, and ||ψ/Im(z) 2 || ∞ < ∞. It is known the existence of an embedding (Bers embedding) ρ : T (G) ֒→ H 2,0 (G), with ρ(T (G)) being an open bounded contractible subset [2, 4, 5, 6, 14] , in particular, providing a global holomorphic chart for T (G) and turn it into a simply connected Banach complex manifold.
A Fuchsian geometric representation θ : G ֒→ PSL 2 (R) such that θ(G) = G induces an automorphism ρ ∈ Aut(G), defined by ρ(a) = θ(a), called a geometric automorphism of G. Let us denote by Aut + (G) the subgroup of all these geometric automorphisms of G. (If G is finitely generated, then every preserving parabolic elements ρ ∈ Aut(G) is, by Nielsens' theorem, of the form ρ(a) = h•a•h −1 , where h : H 2 → H 2 is some homeomorphism, which may or not preserve the orientation; so Aut + (G) is an index two subgroup of Aut(G).) The group Inn(G), of inner automorphisms of G, is a is a normal subgroup of Aut
, the group of geometric exterior automorphisms of G.
There is natural action, by bijections, of Aut
The action of Aut + (G) is not faithful as for ρ ∈ Inn(G) it holds that θ and θ • ρ −1 are Teichmüller equivalent. The induced action
turns out to be faithful. Moreover, Out + (G) acts properly discontinuously as a group of holomorphic automorphisms of T (G). In [15] , Royden proved that these are all the biholomorphisms of T (G) for G torsion free co-compact (i.e., S G is a closed Riemann surface) and later extended by Earle and Kra in [3] to the case that G is finitely generated of type (g, n) (i.e., S G is an analytically finite Riemann surface of genus g and n cone points) if 2g + n > 4, and by Markovic [12] for G being infinitely generated.
The moduli space of G is the quotient complex orbifold M(G) = T (G)/Out + (G), formed of all the PSL 2 (R)-conjugacy classes of the Fuchsian groups θ(G), where θ runs over all Fuchsian representations of it. If G is finitely generated, then S G has genus g and r cone points (including punctures) such that 3g − 3 + r > 0 (as we are not allowing triangular groups). In this case, T (G) is a simply-connected complex manifold of dimension 3g − 3 + r, and M(G) is a complex orbifold (of the same dimension) [14] . If G is infinitely generated, then T (G) is an infinite dimensional simply-connected Banach manifold.
Let K be a subgroup of G being also of the first kind (for instance, if K is either of finite index or a non-trivial normal subgroup). As every Fuchsian geometric representation of G restricts to a Fuchsian geometric representation of K and this restriction process respects the Teichmüller equivalence, there is an holomorphic embedding
be the corresponding holomorphic projection maps onto the moduli spaces. In general, there might not be a (holomorphic) map
In fact, the existence of such a map happens if and only if K is invariant under the action of Aut + (G) (for instance, if K is a characteristic subgroup of G).
Let us assume the existence of
) is equal to the maximal number of Fuchsian geometric representations θ 1 , . . . , θ m , such that θ j (K) = θ(K) and θ 1 (G), . . . , θ m (G) are not PSL 2 (R)-conjugated. In particular, Φ K is injective if and only if the following rigidity property holds: "If θ 1 and θ 2 are Fuchsian representations of G such that θ 1 (K) = θ 2 (K), then θ 1 (G) and θ 2 (G) are PSL 2 (R)-conjugated".
If K = G ′ (the derived subgroup of G), then the above rigidity property was proved to hold for either:
by the author in [8] (see also [9] ) and
, as a consequence of the results in [10] .
In fact, in either of the above cases (i)-(iii), the much more stronger result was proved:
Let us observe that, by taking in (ii) γ = 0 and r = 1, and in (iii) n = 3 and k ≥ 4, the above asserts that the Teichmüller disc Θ G ′ (T (G)) ⊂ T (G ′ ) projects under π G ′ to a genus zero one-punctured curve (that is, a copy of the complex plane) in the moduli space M(G ′ ) (i.e. an example of a Teichmüller curve).
In this paper we are interested in the above rigidity property in the case that G = π g , where g ≥ 2, and
, where k ≥ 2 and G (k) is the subgroup generated by all k-powers of the elements of G. (These types of subgroup have been previously considered by Macbeath in [11] to construct infinitely many Hurwitz curves.) Note that the value of g is completley determined by
If g, k ≥ 2 are integers, then we say that a closed Riemann surface S is a (g, k)-Fermat curve if it admits a group H Z 2g k of conformal automorphisms, acting freely on it, such that R = S /H has genus g. In this case, we say that H is a (g, k)-Fermat group, that (S , H) is a (g, k)-Fermat pair and that S is a k-homology cover of R. A (g, k)-Fermat curve has (by the Riemann-Hurwitz formula) genus 1 + k 2g (g − 1) and it is non-hyperelliptic (Proposition
where F is a Fuchsian group uniformizing S /H (Proposition 2). In this setting, the injectivity of the holomorphic map
is equivalent for every (g, k)-Fermat curve to have a unique, up to conjugation by conformal automorphisms, (g, k)-Fermat group. (We may also wonder for the uniqueness of the (g, k)-Fermat group at it was the case for (i), (ii) and (iii) above.)
and F k is a characteristic subgroup of F, it follows that there is a short exact sequence
where Aut H (S ) denotes the normalizer of H inside the group Aut(S ) of conformal automorphisms of S . We observe (Theorem 1) that H is a normal subgroup of Aut(S ), in particular, Aut H (S ) = Aut(S ) and Aut(S /H) = Aut(S )/H. This in particular asserts that, if S /H has no automorphism of order a prime divisor of k, then H is the unique (g, k)-Fermat group of S (moreover, if S /H has no no-trivial automorphisms, the generic situation for g ≥ 3, then Aut(S ) = H). It follows that the only possible situations for H not to be unique is when S /H has non-trivial conformal automorphisms of order a prime divisor of k.
For k = 2, we have the following partial result. If S is a (g, 2)-Fermat curve admitting a (g, 2)-Fermat group H such that S /H is hyperelliptic, then it is the unique (g, 2)-Fermat group of S (Theorem 2).
If k = p r , where p ≥ 3 is a prime integer such that g {1 + ap, ap + b(p − 1)/2; a, b ∈ {0, 1, . . .}} (for instance, if p > 2g + 1), then every (g, p r )-Fermat curve has a unique (g, p r )-Fermat group (Corollary 5). This also asserts that every (g, k)-Fermat curve admits a unique (g, k)-Fermat group if every prime factor of k satisfies the above restriction. In these cases,
In the case g = 2 we observe that every (2, p)-Fermat curve, where p ≥ 2 is a prime integer, has a unique (2, p)-Fermat group (Theorem 3). In particular, (i) the holomorphic map Φ π 1+p 4 : M(π 2 ) → M(π 1+p 4 ) is injective and (ii) any two hyperelliptic Riemann surfaces with isomorphic 2-homology covers are necessarilly isomorphic (Corollary 7).
The above rigidity property is related to the jacobian variety of a closed Riemann surface as follows. Let R = H 2 /F be a closed Riemann surface of genus g ≥ 2 and let H 1,0 (R) C g be its space of holomorphic one-forms. The homology group H 1 (R; Z) is naturally embedded, as a lattice, in the dual space (H 1,0 (R)) * of H 1,0 (R) by integration of form. The quotient JR = (H 1,0 (R)) * /H 1 (R; Z) is a g-dimensional complex torus with a principally polarized structure obtained from the intersection form on homology. Torelli's theorem [1] asserts that two surfaces are isomorphic if and only if their jacobian varieties are isomorphic as principally polarized abelian varieties. Let π : (H 1,0 (R)) * → JR be a holomorphic Galois cover induced by the action of H 1 (R; Z). If we fix a point p ∈ R, then there is a natural holomorphic embedding ϕ : R ֒→ JR : q → q p . It holds that (i) π −1 (ϕ(R)) = R is a Riemann surface admitting the group H 1 (R; Z) as a group of conformal automorphisms such that R = R/H 1 (R; Z) and (ii) R = H 2 /F ′ . In this way, Torelli's theorem is "in some sense" equivalent to the commutator rigidity for F . If α 1 , . . . , α g , β 1 , . . . , β g is a basis for H 1 (R; Z), then α
There is a natural isomorphism between JR and J k R preserving the polarizations (amplificaction by k). In particular, R is uniquely determined (up to isomorphisms) by J k R. Let π k : (H 1,0 (R)) * → J k R be a holomorphic Galois cover induced by the action of
In this way, the above rigidity property is somehow related to the determination of R, up to isomorphisms, by the abelian variety J k R. k be a (g, k)-Fermat group of S . Assume that S is hyperelliptic and let ι be its hyperelliptic involution. Let π : S → C be a two-fold branched cover. As deck(π) = ι and ι is in the center of Aut(S ), the quotient abelian group H/ ι is a group of Möbius transformations keeping invariant the 2(1+k 2g (g− 1)) + 2 branch values of π. The only finite abelian groups of Möbius transformations are either (i) the trivial group, (ii) the Klein group Z 2 2 and (iii) the cyclic groups. In case (i) we must have H = ι Z 2 , a contradiction. In case (ii), we must have that H/ ι Z 2 2 , which means that k = 2 and either H is isomorphic to Z 2 2 or Z 3 2 , again a contradiction. In case (iii), H/ ι Z n , that is, either H is isomorphic to Z n , Z 2n or Z 2 × Z 2 , in each case a contradiction.
2.2. Topological uniqueness. Let (S 1 , H 1 ) and (S 2 , H 2 ) be such that, for each j = 1, 2, S j is a Riemann surfaces and H j is a group of conformal automorphisms of it. Then we say that these pairs are isomorphic (respectively, topologically equivalent) if there is an biholomorphism (respectively, an orientation preserving homeomorphism) ψ :
Proposition 2. Let (S , H) be a (g, k)-Fermat curve and let F be a Fuchsian group such that S /H = H 2 /F. Then (S , H) and (H 2 /F k , F/F k ) are isomorphic pairs.
Proof. As S is an unbranched regular cover of S /H, there is a normal subgroup Γ of F such that S = H 2 /Γ and H = F/Γ. As H is abelian, F ′ ≤ Γ and, as H Z 2g k , F (k) ≤ Γ; so F k ≤ Γ. Since F k and Γ both have index k 2g in F, it follows that Γ = F k .
As the subgroup F k is a characteristic subgroup of F, the above asserts the following. The above asserts that if a (g, k)-Fermat curve has two (g, k)-Fermat groups, then they must be topologically conjugated by a suitable orientation preserving self-homeomorphism. We may wonder for the uniqueness of such group. Proof. Let S j = S /H j and π j : S → S j be a Galois holomorphic cover with deck group H j . By hypothesis, there exists φ ∈ Aut(S ) such that φH 1 φ −1 = H 2 . Then, there exists a biholomorphism φ : S 1 → S 2 such that π 2 • φ = φ • π 1 . Let S j be a homology cover of S j (that is, the cover of S j induced by the derived subgroup of its fundamental group). Let P j : S j → S j be a Galois holomorphic cover with deck group K j Z 2g . There is a Galois holomorphic cover Q j : S j → S , with deck group L j < K j , such that P j = π j • Q j and H j = K j /L j . The biholomorphim φ lifts to a biholomorphism φ : S 1 → S 2 , that is, P 2 • φ = φ • P 1 . As K 1 is the unique subgroup of S 1 isomorphic to Z 2g with quotient of genus g [13] ,
It follows that L 1 and φ −1 L 2 φ are isomorphic subgroups of K 1 , both of them producing the same quotient S . Now, on K 1 there is exactly one subgroup producing the quotient S (this one is the subgroup of k-powers of the elements of K 1 ). It follows that
As the last one is the deck group of Q 2 • φ and In terms of Fuchsian groups, the above can be written as follows.
Corollary 3. For j = 1, 2, let G j be a Fuchsian group of genus g j ≥ 2 such that (G 1 ) k = (G 2 ) k for some k ≥ 2. Then (i) g 1 = g 2 and (ii) if N 1 is the normalizer of G 1 in PSL 2 (R) and N 1 /G 1 admits no element of order a prime divisor of k, then G 1 = G 2 .
As a consequence of the above, we only need to consider the case when Aut(S /H) has conformal automorphisms of prime order being a divisor of k.
2.4.
The case k = p r , p ≥ 3 a prime integer. Let us restrict to the case that k = p r , where p is a prime integer and r ≥ 1. As a consequence of Corollary 2, we have the following. As the generic Riemann surface of genus g ≥ 3 has no non-trivial automorphisms, then generically there is a unique (g, p r )-Fermat group for g ≥ 3. By the Riemann-Hurwitz formula, if a closed Riemann surface of genus g ≥ 2 admits a conformal automorphism of order p ≥ 3 prime, then g ∈ {1 + ap, ap + b(p − 1)/2; a, b ∈ {0, 1, . . .}}. In particular, the following holds.
Corollary 5. Let g ≥ 2 and p ≥ 3 be a prime. If g {1+ap, ap+b(p−1)/2; a, b ∈ {0, 1, . . .}} (in particular, if p > 2g + 1), then every (g, p r )-Fermat curve has a unique (g, p r )-Fermat group. In particular, the map Φ G p r : M(G) → M(G p r ) is injective.
Corollary 6. For j = 1, 2, let G j be a Fuchsian group of genus g ≥ 2. If (G 1 ) p r = (G 2 ) p r , for some prime integer p ≥ 2g + 1, then G 1 = G 2 .
2.5.
The case k = 2. Let S be a (g, 2)-Fermat curve and H be a (g, 2)-Fermat group of it. If S /H has no conformal automorphisms of order two, then Corollary 1 asserts the uniqueness of H. We are left to consider the case when S /H has conformal involutions. An important case is when such a conformal involution is the hyperelliptic one, that is, when S /H is hyperelliptic. In this case, we have the following fact. S is a (g, 2)-Fermat curve admitting a (g, 2) -Fermat group H such that S /H is hyperelliptic, then it is the unique (g, 2)-Fermat group of S .
Theorem 2. If
Proof. Let ι be the hyperelliptic involution of S /H. Let K be a Fuchsian group acting on the hyperbolic plane H 2 such that H 2 /K = (S /H)/ ι (the Riemann sphere with exactly 2g + 2 cone points of order two). The group K has a presentation of the form K = y 1 , . . . , y 2g+2 : y 2 1 = · · · = y 2g+2 = y 1 y 2 · · · y 2g+2 = 1 . Let Γ be the (unique) index two torsion free subgroup of K, that is, Γ = y 1 y 2 , . . . , y 1 y 2g+2 . In this case, S /H = H 2 /Γ (the hyperelliptic involution ι is induced by each of the generators y i ). We claim that K ′ = Γ (2) . In fact, as Γ (2) is a characteristic subgroup of Γ and Γ is a normal subgroup of K, it follows that Γ (2) is a normal subgroup of K. As each of the commutators [y i , y j ] = y i y j y
and [K :
, it follows the desired equality. In this way,
is a generalized Fermat curve of type (2, 2g + 1) whose generalized Fermat group of the same type is
(see [7] ). The generalized Fermat group K/K ′ is generated by involutions a 1 , . . . , a 2g+1 , where a j is induced by the generator y j . We set a 2g+2 the one induced by y 2g+2 , so a 1 · · · a 2g+2 = 1. It is known that the only elements of K/K ′ acting with fixed points on S are the elements a j . Also, the subgroup H is the unique index two subgroup of K/K ′ acting freely on S , this being H = a 1 a 2 , a 1 a 3 , . . . , a 1 a 2g+2 . Now, let us assume there is another (g, 2)-Fermat group L of S . If L is a subgroup of K/K ′ , then L = H by the uniqueness of H. So, let us assume that there is some α ∈ L − H. As K/K ′ is the unique generalized Fermat group of type (2, 2g + 1) of S [10], α normalizes it. As H is its unique index two subgroup acting freely on S , α also normalizes H. As α has order two, and it normalizes K/K ′ , it induces a Möbius transformation β of order two that permutes the 2g + 2 cone points of S /(K/K ′ ) = C. There are two possibilities: (A) none of the cone points is fixed by β, or (B) β fixes exactly two of them. Up to postcomposition by a suitable Möbius transformation, we may assume these cone points to be ∞, 0, 1, λ 1 , . . . , λ 2g−1 and that in case (A) β(∞) = 0, β(1) = λ 1 and β(λ 2 j+1 ) = λ 2 j ( j = 1, . . . , g − 1) and that in case (B) β(∞) = ∞, β(0) = 0, β(1) = λ 1 , and β(λ 2 j+1 ) = λ 2 j ( j = 1, . . . , g − 1). Note that in case (A) β(z) = λ 1 /z and in case (B) we must have λ 1 = −1 and β(z) = −z.
In [7] it was proved that S can be represented by an algebraic curve of the form
and, in this model, a j ([x 1 : · · · :
Assume we are in case (A). Following Corollary 9 in [7] ,
where
As α has order two, we must also have
is a fixed points of α in S (in the above algebraic model). This is a contradiction to the fact that α must act freely on S . Assume we are in case (B). Again, in this case α must have the form
, which is a contradiction for α to be an involution.
Corollary 7. For j = 1, 2, let S j be a hyperelliptic Riemann surface of genus g j ≥ 2 and let S j be a 2-homology cover of it. Then S 1 and S 2 are isomorphic if and only if S 1 and S 2 are isomorphic.
Proof. If we write
One direction is clear, if S 1 and S 2 are isomorphic, then Γ 1 and Γ 2 are conjugated by some element of PSL 2 (R). Such a conjugation preserves the characteristic subgroups, that it also conjugates Γ . In particular, S 1 = S 2 = S , so they have the same genus, that is, 1 + 2 g 1 (g 1 − 1) = 1 + 2 g 2 (g 2 − 1). This asserts that g 1 = g 2 = g. In fact, if we assume g 1 > g 2 , then the above equality is equivalent to 1 < 2 g 1 −g 2 = (g 2 − 1)/(g 1 − 1) < 1, a contradiction. Now, this asserts that S is a (g, 2)-Fermat curve and it contains (g, 2)-Fermat groups H 1 and H 2 such that S j = S /H j . It follows from Theorem 2 that H 1 = H 2 , that is, S 1 and S 2 are isomorphic. Proof. Let S be a (2, p)-Fermat curve, where p is a prime integer. As for p = 2 the uniqueness follows from Theorem 2, we may assume p ≥ 3. Let us assume S admits two different(2, p)-Fermat groups, say H 1 and H 2 . We may also assume these two are contained in the same p-Sylow subgroup K of Aut(S ) (which still different because of Theorem 1). Then on S /H 1 the group H 2 induces a group of conformal automorphisms isomorphic to Z r p , some r ≥ 1. As no Riemann surface of genus two admits a conformal automorphism of order p ≥ 7, then p ∈ {3, 5}. As, for p ∈ {3, 5}, a Riemann surface of genus two admits no group of conformal automorphims isomorphic to Z 2 p , then r = 1, that is, H 1 is a normal subgroup of index p of K. It can be seen (by applying the Riemann-Hurwitz formula), that an order p conformal automorphism of S /H 1 acts with fixed points and genus zero, and that S /K is a genus zero orbifold with some r ∈ {3, 4} cone points of order p. So, the subgroup H 1 of K is the only subgroup of index p of K acting freely on S , contradicting the same fact for H 2 .
